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spatial part turns out to be identical to that of the Cooper pairs of the BCS model of
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1. Introduction

There are many theories involving fermions whose low energy excitations are dominated by
bosonic modes. Historically the first case of great general relevance is superconductivity in
metals [[[], which was the starting point of innumerable applications and theoretical devel-
opments in several fields. In the context of relativistic field theories important examples
are vector dominance in strong-electromagnetic interactions and dominance of chiral
mesons in QCD. In these cases the dominant composite bosons have fermion number zero,
but in QCD at high density so called colour superconductivity [f] is expected to occur,
and in this case the dominant composite bosons have fermion number 2 like Cooper pairs
in superconducting metals. Obviously there is an immense literature about these subjects,

but since we address the problem of composite boson dominance in its generality without



actual applications to any of the above examples, we quote only historical works. We note
however, that in spite of a huge literature about bosonization all these systems are, so far,
mostly treated phenomenologically.

Nonrelativistic methods can hardly be extended to relativistic field theories with few
exceptions, one being ref. [[]] which has some features in common with the relativistic
papers quoted below. We therefore only mention Bogoliubov’s work on superconductivity
for his historical importance as the first organic approach to bosonization [f]. We do not
discuss fermion systems in 1+1 dimensions either. For them a wealth of exact results exists
which are however dimension specific and can be found in textbooks [f].

For relativistic theories in higher dimensions the problem of bosonization has essentially
two features: how to introduce the fields associated to the dominant composite bosons
and how to handle the resulting effective action. There are basically two approaches.
In the first one higher dimensional terms (quartic in the fermion fields) if absent, are
introduced by hands in the action and the bosonic fields are generated by the Hubbard-
Stratonovich transformation [[j]. Sometimes, when the added terms are irrelevant in the
renormalization-group terminology, they are introduced to stabilize the evaluation, for
instance in numerical simulations, of the fermion determinant [§], but, more often, the
investigations are analytical studies and are substantially restricted to a nonrenormalizable
framework [ff]. In one noticeable exception [H] the Hubbard-Stratonovich transformation is
scale-dependent (”re-bosonization”) leading to a functional renormalization-group analysis.
In the second approach the boson fields are Kalb-Ramond fields introduced by a change of
fermion variables in the action [I{], a technique also adopted in the quoted work [ about
non relativistic many-body systems. No general procedure however has been developed to
handle the fermionic determinant appearing in the effective action, in particular for gauge
theories. Moreover the above approaches are essentially restricted to composite bosons
with fermion number zero.

Recently a method of bosonization was developed in the framework of many-body the-
ories by which we can treat both charged and neutral composites [[J]. The starting point
in this method is the partition function in operator form, namely the trace of the transfer
matrix in the Fock space of the fermions. The physical assumption of boson dominance is
then implemented by restricting the trace to fermion composites. This requires an approxi-
mation of a projection operator in the subspace of the composites, the approximation being
the better, the higher the number of fermion states in the composites. The approximate
projection operator is constructed in terms of coherent states of composites, and evaluation
of the trace, which is done exactly, generates a bosonic action in terms of the holomorphic
variables appearing in the coherent states.

Our approach shares two features with a variational method: The reduction of the
starting full space, here the fermionic Fock space, to a subspace, here that of the composites,
and a variational procedure to determine the structure functions. The utility of variational
methods and bosonization has been widely appreciated in the theory of many-body systems.
But their potentiality has also been considered in the framework of relativistic field theories,
in particular gauge theories, for for example by R. Feynman [[[Z] who, however, was sceptical
about its practical applicability, and recently in connection with QCD at high baryon



density [[[3].

The particular bosonization method we investigate has been completely developed for
nonrelativistic many-body systems and checked on the BCS model of superconductivity
and the pairing model of finite systems like atomic nuclei and ultra-small superconducting
grains [L1]. The properties of these systems are exactly reproduced. But in the nonrel-
ativistic derivation of the effective action, higher powers of the temporal spacing, which
would not contribute in the continuum limit, were neglected. This obviously cannot be
done in relativistic theories because of ultraviolet divergences and in the present paper we
perform a different derivation.

We adopt a lattice regularization for two reasons. The first one is that it allows an
unambiguous definition of composites. The second one is related to gauge theories. We
expect that in these theories the action of effective bosons will involve vacuum expectation
values of invariant functions of gauge fields which cannot be evaluated in the present
framework. A lattice formulation should allow us to extract such expectation values from
numerical simulations.

There is a price to be paid for such advantages related to the well known difficulty with
chiral invariance on a lattice, which can only in part be overcome by using Kogut-Susskind
fermions. However our method can, at least in principle, be used with any regularization
for which a transfer matrix has been explicitly constructed.

A major difference with respect to nonrelativistic theories is related to Euclidean invari-
ance. The formalism of the transfer matrix does not treat time and space in a symmetric
way, and therefore Euclidean invariance of the bosonic action must be checked a posteriori.

All other symmetries are instead respected in our procedure.

We tested the validity of our method on a model with 4-fermion interaction [[I4] in
3+1 dimensions: we exactly reproduce all the known results in the boson sector, namely
condensation of a composite boson which breaks the discrete chiral invariance of the model
and its mass. In addition we determine its structure function, whose spatial part is identical
with that of the Cooper pairs of the BCS model of superconductivity. Our approach in this
case has some points in common with a variational calculation performed for the model in
141 dimensions [LJ].

Our solution of the model is more complicated than the standard one, but it is not
done looking for a greater simplicity, but as a check with special attention to Euclidean
invariance. In any case it gives explicitly the structure function of the composite, which to
our knowledge was not known.

In this work we confine ourselves to fermion systems at zero fermion density. An
extension to non-vanishing fermion density will be presented elsewhere [If]. Its application
to the 4-fermion interaction model reproduces the properties of the fermion sector.

The paper is organized in the following way. In section II we report, for the convenience
of the reader, the general formalism. In section III we derive an effective action for an
arbitrary relativistic theory, and discuss the saddle point approximation. In section IV
we present an alternative derivation of the effective action with the relative saddle point

approximation which turns out to be identical to the previous one. In section V we apply



our method to the model with 4-fermion interaction and in section VI we summarize our

results. Most technical details are relegated in appendices.

2. General formalism

For reader’s convenience we report the general formalism of bosonization based on coherent
states of fermion composites. By using discrete time, the operator form of the partition
function is

Zp =" [[ Teer- (2.1)
t

The trace is over the Fock space of the fermions and 7; ¢+ is the Euclidean transfer matrix
which maps the Fock space at time ¢ into that at time ¢ 4+ 1. ¢ runs in a range which
depends on the temperature.

Under the assumption of boson dominance we can restrict the trace to fermion bosonic
composites. The restricted partition function can be written

Zo =T [[PTvia, (2.2)
t

where P is a projection operator in the subspace of the composites. Because the formalism

treats asymmetrically time and space, it is convenient to use the following notation: we

shall use boldface letters, as x, to denote spatial coordinates, and italic letters to denote

space-time coordinates: z = (t,x).

To construct the projector P we first introduce the composite creation operators
&)LK = QT(I)LKN = Zﬁl@ifazﬁj ’ (2.3)
ij

where x represents the spatial coordinate of the composite and K its quantum numbers,

among which can be radial excitations, orbital angular momentum, spin, flavour, etc.

The ®xx are the composite structure functions (wave functions) and ﬁ;r and f);-r are, re-

spectively, creation operators of fermions and antifermions in state i, obeying canonical

anti-commutation relations,

{al,a;} = {0}, 0;} = 65, {45} = {03, 05} = {a, 05} = {a],0;} = 0. (2.4)

The composite structure functions ®xx are to be determined variationally in order to
maximize the saturation of the partition function Z¢.

Since the fermion creation operators are nilpotent, the composite creation operators
&' can be classified according to their index of nilpotency, which is the highest integer
exponent €2 such that

<&>T>Q £0. (2.5)

It is useful to introduce the operator doublet

&:(5) (2.



and the orthogonal projectors

P = (2.7)
PP = of 2.8)

in such a way that
ot = TRVt PPy (2.9)

By analogy with canonical bosonic systems, we build coherent states of composites

€) =exp [ & @l | 10), (2.10)

x,K

where the {xk’s are holomorphic variables and |0) is the fermion vacuum. We call these
states coherent because they have the form of coherent states of elementary bosons, sharing
with these states the property of a fixed phase relation among the components with different
number of bosons. But the basic property of coherent states cannot be fulfilled. Indeed

Srrc|€) # Exiclé) (2.11)

because composite creation-destruction operators don’t satisfy canonical commutation
rules. Again in analogy with canonical bosonic systems, we define the operator

= [ |5e| wg ot (212)

2mi | (€[€)
where dede* gt d*
[ 27 } :g[ i XK} (213)

which is neither a projector nor the identity in the subspace of the composites, but, as
shown in appendix [B} it approximately becomes a projector onto the space of composites
when the latter ones have a large index of nilpotency. Indeed since the composites do not
obey canonical commutation relations, their properties can be very different from those of
canonical bosonic coherent states. However, if the index of nilpotency of the composites
is large enough, the composite system resembles a canonical bosonic system, and all the
properties of canonical boson coherent states will approximately hold for the composite
coherent states.
The scalar product of coherent states is

(€|€") = det, (Z + BB') (2.14)

where

=¢-of = ngch K (2.15)
and for any matrix A we define

det A = det(P{A). (2.16)



The projection operator Po(i) appears when matrices act on half the fermion field. Notice
that the entries of all the matrices do not include time. T is the identity in the space of
these matrices. By a little abuse of notation we will write 717 instead of T when there
should be no ambiguity in the interpretation. Similarly we will replace by 17 the identity
i various subspaces like color, taste and so on.

3. First form of the effective boson action

According to [[[§], the fermion part of the transfer matrix, which is a function of all ele-
mentary bosonic (also gauge) fields, that we represent by o, is factorized as

Toip1 =T [ov,0001) = T o0 T o] = T/ T, - (3.1)

We use the subscript ¢t to denote the dependence of any matrix on the particular configu-
ration of bosonic fields o, and

T = exp[—a' M & — T MT 6] exp[0N (3.2)

aside from a possible extra factor which is a function only of the bosonic fields and can
be therefore included in the bosonic contribution to the partition function. The form of
the matrices M and N (the superscript 7' means transposed) depends on the nature of
the interactions and the regularization adopted for the fermions. What follows does not
depend on their explicit expressions which are reported in the appendix |(J for Kogut-
Susskind fermions in the flavour basis (we do not know any suitable expression in the
spin-diagonal basis).

At finite time-strip of length Ly, with periodic boundary conditions for the bosonic
fields, the partition function (2.1) is

Zp =TTy, 1T} | T, (3.3)
while its restriction to the composites (B.9) is

Zo =PI T PI - PT] | T,

Lo—1
dépdéy | 1 ot o
- [11 |5 gy it fute (3.4
where we have introduced a copy of the Fock space of the composites at each time slice.
Explicitly
&) =exp [ Y&k (%) DL [o0] | 10). (3.5)
x,K

We remark that the structure functions ® do not depend explicitly on time, but as they are
defined in presence of an external bosonic field configuration, time will enter as a label of
the bosonic fields.



We introduce also copies of the matrix B, defined in (R.1) at each time slice
= (¢-@") =Y et x) Ol fod] - (3.6)
x,K

Now setting M = 0, a restriction which will be eliminated in the next section, we evaluate
the matrix elements

PN t
<§t’j—g j—wt+1 ’§t+1> — <0’e’UBtuequNtTvT eUNt+1ueuTBt+1UT ‘O> . (37)
With the help of the formulae collected in appendix [A] we find

da*dadp*d
(e NI v B ) [ o) ﬂ‘] (O]evBruca! NI o)

(aﬂ| vNiyr1u uTBZ+1va |0>

= dety (1 + B}, NL ) dety (1 4+ BiN/)
—a*a—p*B-p*——L —— B* a*—aBl
X / [do*dad*df)e o

1+B* NT+1 t 1+N1t*BtTﬁ
= dety (1 + B}, NL ) dety (1 4+ BiN/)

1
1 1
xdet_ | 1 + Bt+1 TBt
1+ Ney1 Bl 1+ BN,

=dety Dy i1 (3.8)

where
Dy = (14 BNf) (1+ Newa Bl ) + BB, (3.9)
Therefore by substitution in @) using equation ()

ze= [ 1 [d&dﬂ p[Sen(6".€)] (3.10)

[T - [ttt -

21 21
z, K

where

Set = Zt:tr+ [m (1 +BtBj> - 1nDt,t+1] . (3.12)

In analogy to (R.16) we used the definition valid for any matrix A
try A = tr(P{FA). (3.13)

and we have replaced (t,x) by x to shorten the notation.

It is remarkable that the effective action for the composites S.g has been evaluated ex-
actly, so that the only approximations in the partition function are the physical assumption
of boson dominance and the form of the projector over the subspace of the composites.

Remember that the entries of these matrices do not not include time, which appears
only as a label. For instance the matrix D satisfies the equation

D1 = DLM ) (3.14)

where the operation of Hermitean conjugation does not affect time.



3.1 The saddle point equations

When the index of nilpotency is large the partition function is dominated by the minimum
of the action. Its variation with respect to the matrix elements of B and B gives

1 1
Bl—— [NT <1+N B )+BT ]— 3.15
t 14 BtB;r t t+1P¢41 t+1 Dt,t+1 ( )
1 1
——— By = [(1 + BtNT> Nip1 + Bt} . (3.16)
1 =+ Bt—l—lB,L_l Dt,t-{-l t

As a consequence of (), these equations are not independent from each other, because
the second can be obtained from the first one by exchanging ¢ with ¢ + 1 after Hermitean
conjugation. So it is sufficient to study only one of them.

In the sequel we consider the case in which the effective action has a minimum with
respect to the bosonic fields, coupled with the fermions, at a constant value. Of course,
this assumption cannot hold for gauge fields. We are then able to determine the solutions
which provide the composite structure functions at the semiclassical level.

If the bosonic fields appearing in /V; are constant at the saddle point, there are constant
nontrivial solutions B; = B for the second order equation

BN'B—-BN'N-N=0. (3.17)
Setting
B=NA (3.18)
for A # 0 we find
N(ANTNA—ANN —1)=0. (3.19)

If we separate A into its Hermitean and anti-Hermitean parts, we see from this equation
that A commutes with NTN. The solution

 H+V1t H?

A 2
* 2H (3.20)
where 1
H? = ZNTN, (3.21)
shows that A is Hermitean.
Remark that
-1
Ay = —[A¢NTN] (3.22)
Ay + A_=1. (3.23)
The effective action at the saddle points
Si=-Y tryIn (1 + NAiNT> (3.24)
¢
=Yt (AftNT N> (3.25)
¢
Ay
() a2

+2

~-Y <\/1+H2+H> (3.27)



takes opposite values, the minimum being for the upper sign. The ground state is a

condensate of composites whose structure function in polar representation is
- 1
B = §NH_1f(H), (3.28)

the polar radius being

f(H)=+V1+H?+H. (3.29)
In such composites the occupancy of high momentum fermion states is larger than that of
low momentum states. Such a structure of condensed bosons is quite different from the
structure of (even virtually) bound pairs. But it can be set in a more natural form by the
unitary transformation

@N'=a, (@) =0. (3.30)
It defines a new vacuum
@10y = 910"y =0 (3.31)

related to the original vacuum according to
0y = [ [ afol10) . (3.32)
i

The new vacuum is the trivial solution of the saddle point equations. It is the completely
filled state and it is then physically equivalent to the original vacuum.
In the next section we will derive a new form of the effective action using the new

creation-annihilation operators.

4. Second form of the effective boson action

We perform the evaluation of the effective action with the new operators. We first remark
that the transformation (B.3(]) interchanges the role of the projectors Po(i). Since the
eigenstates of these projectors correspond to fermions propagating forward, respectively
backward in time, this transformation is related to time-reversal. Under its action

JTRSPNP G = i PINPIY (4.1)
In the general case this transformation induces the replacements
N « Nf
P o
M« —M (4.2)

and a change in the purely bosonic contribution to the action. At M = 0 it interchanges
in form 7" with 7 whenever N is Hermitean. Now (B.4) becomes

Zo = W' PI T PT, - PTy, Ty
Lo—1

B de,der] 1 I
- / H) [ 27.[.Z't:| <§t’§t> <§t‘TtTt+1 ‘§t+1> (4.3)




where we have used the same notation as before for the coherent states but now
&) = exp (') TT (@) @)1] 107 (4.4)
J

To construct the effective action we have to evaluate the matrix elements

:
(&GIT, T 1) = (O [H(a;ﬂ(@;)*] exp (& (@)1 @()) 1,7},

(3

< exp (geoeldl) TT [(@)'()'] 107 (45)

J
Now we notice that for an elementary boson the basis of coherent states

exp(bb) (6 2[0), exp(bb)|0), (4.6)

are equivalent to each other in the subspace of states with 0,1,...,Q bosons. By
analogy instead of the states exp(¢0'®Td/) x [[,(@))7(9))T10) we can use the basis
exp (£(@/)1® (¢/)1) [0'). They are not exactly equivalent because the composites do not
satisfy canonical commutation relations, but they should be equivalent within our approx-
imations, and we will have a crosscheck of this assumption. In the following we drop the
prime on all creation-destruction operators.

First we evaluate the action of 7 on coherent states
T11€) = exp[af NT o] exp[—af MT & — 0T M*6] exp[af BT91]|0) . (4.7)
By repeated application of the identity, valid for arbitrary matrices A, B
expla! Ba] expla’ A9']|0) = explal e? A61]]0) (4.8)

we get
P¢) = exp {aT [NT +e M pt e_MT} ot } 10). (4.9)

Then the matrix elements of the transfer matrix are

(&l T, TH 1 161) = dety {1 + [Ny + exp(—My) By exp(—M,)]
X [NtTH + exp(—MLl)BLl eXP(_MLl)]} (4-10)

and the new effective action reads
=ty {1n [1 n BtBtT] —In[1+ (N, + &M By M)
t
X <NtT+1 + oM B, eMLl)} }

in which we have changed the sign of the matrix M according to (.3). Notice that while
the partition function must not change by application of the unitary transformation (3.3(),

,10,



the effective action need not remain the same. For our application to the model with 4-
fermion interaction we are interested in the case of My = 0. In the following we shall
restrict ourselves to this case, then

=3ty [n (14 B,8]) ~ D, (411)
t

with
Lo =1+ (Ne+ B) (N, + Bl ) (4.12)

Let us investigate what is the relation between this effective action and the one we got in

the previous section. Its expression (B.13) can be rewritten as
S = 3ty {m [Bt (B;l(Bj)—1 + 1) Bﬂ
t
—In< B |(B7 Y+ N (B )+ N, 1| B}
bt y NG ) (Blin)™ + Newr ) + t+1
=) tr {ln <1 + B;l(Bj)‘l)
t
_ -1 T Toy—1
In |1+ (B + N/ ) ((Biy1)™ + Newa
which coincides with Sé e under the change
B— (B ' =B, [BIB] 4.13
¢ (B}) + | Bi B (4.13)

for every t. Under this change the saddle-point equation for time independent solutions
B; = B = N A becomes

(AT NTNAt + NTNAF - 1) Nt =o0. (4.14)

This is the same as the equation we had in the previous section under the change A — —A,

therefore we have the time independent solutions
— N
Bi:_NAi::Fﬁ( 1+H2:|:H). (4.15)

We see that in the saddle point approximation ® is Hermitian when N is Hermitian. At
the saddle point

==Y tr_In (1 + A Nt N> (4.16)
() )

=-> tr_In <\/1+H2+H>$2 (4.18)

takes its minimum for the lower sign, and

— 11 —



At the minimum the values of the two actions coincide, and therefore the corresponding
partition functions are equal at leading order. Let us notice that the transformation (4.13),
because of the identity (B.22), interchanges A, with —A_.

The trivial and nontrivial solutions are strikingly similar to the corresponding solu-
tions of the BCS model of superconductivity. The comparison is best done using a polar
representation for the structure functions which separates the unitary factor which depends
on the intrinsic degrees of freedom, from the polar factor which is a function of the spatial
coordinates. Now the unitary factors are necessarily different, because different are the
intrinsic degrees of freedom, but the polar factors and therefore the spatial wave functions
turn out to be identical. Indeed in the case of superconductivity the trivial solution is
given by & = oo for k < kp, & =0, for kx > kp, k being the momentum and kr the Fermi
momentum of the electrons while the structure function of the condensed Cooper pairs is

given by [[]
o <\/1 T E? - E) . (4.20)

The Pauli matrix o9 which couples the spins to zero is replaced in a relativistic theory by
the spin-taste structure matrix N (2 H)~! and the electron kinetic energy E measured with
respect to the chemical potential divided by the energy gap is replaced by the relativistic
energy H. In the present case the chemical potential disappears, because the composites
are neutral, and to investigate the effect of a chemical potential one should introduce
states with non vanishing fermion number. What makes the comparison with the BCS
model somewhat involved is the absence of a Fermi energy in relativistic theories with zero
chemical potential. Indeed the fully occupied state in the old operators of the relativistic
theory corresponds to the state where all single particle states are occupied below the Fermi
surface in the BCS model.

5. Application to a model with 4-fermion interaction

We apply our formalism to the field theory with quartic interaction in 341 dimensions
regularized on a lattice with Kogut-Susskind fermions. For each of the four Kogut-Susskind
tastes we take Ny degenerated flavours. Hence, the continuum limit will describe a theory

with 4N flavours. In the flavour basis the action reads
— 1 _
T y =

where m is the mass parameter, g2 the coupling constant, ¢ the fermion fields and Q the
hopping matrix:
Q=Y el [P,S—ij) + P,S”Vfﬁ] . (5.2)
w

The matrices to the left (right) of the symbol ® act on Dirac (taste) indices. We denote
by v and t the matrices acting on these indices, respectively. The operators

1
P = S L@ L 7,7 ®tsty] (5.3)

- 12 —



are orthogonal projectors. The fermion fields are defined on blocks (see appendix |( for
details). The right and left derivatives V&) are given by

v — 41 (Tﬁ - 1) . (5.4)

The factor 1/2 is due to the fact that the T), translate by one block

<T,Si)>xhx2 = Oy,2142j1 - (5.5)

The model has a discrete chiral symmetry at m = 0:

Y — =1y, Y — Py L. (5.6)

To have an action bilinear in the fermion fields we introduce auxiliary scalar field o(x),
whose integration generates the four fermion coupling:

_ 4N
’ / / f /2
8= S ) (4 + Qo) + 5 3 ), (57)
The partition function now reads

z- / (do][dBdis] exp [~S] - (5.8)

5.1 The effective boson action

In the model with 4-fermion interaction with Kogut-Susskind fermions in the flavour ba-
sis [[[9] the matrix M = 0, while the matrix N is Hermitian and is given by

3
N(@) = =24 (m+0) 0@ T+ 507 @ 1 [PV 4 pOVO] 5 (5.9)
j=1
We will restrict ourselves to flavour singlet composites, what means that ®xk acts trivially
on flavour indices, and thus, obviously, only flavour singlet composites can be written as
linear combination of the ®xk. From now on, we will ignore flavour indices. According to

the results of the above sections, the effective action at the saddle point is

Se(€,6,5) = =Y tr_In [\/1 +H? +H}2 (5.10)
t
- —% trln [\/1+H2+H] (5.11)

because the factor 1/2 coming from the projector Po(f), present in tr_, is compensated by
the exponent 2 in the In.

We now show that this is equal to the standard result. The latter is obtained by a
direct integration over the fermion fields in the partition function

Z= /[do*] exp [—SF - % 2/02(3:)] (5.12)

,13,



where

Sp=—-Trln(m+0+Q) (5.13)
LO /2 dw 1
=5 tr /W/2 5 In [ + 3 (1 —cos2w)| . (5.14)

Here Tr (notice the capital case T) is the trace on all the entries of @), namely time
is included, and since @) acts on the whole fermion field there is no projector Po(f). The

explicit integration over w reproduces, apart from a constant term, the expression in ()
Therefore

0 0 Lo o
e Ser (£%,€,7) = 805 __Ttrﬁ' (5.15)

5.2 Mass of the effective boson

Let us consider the Gaussian fluctuations around the minimum of the action. To this end,
let us write

Ex(z) = &g + px(a), (5.16)
k(@) = & + wi(a), (5.17)
o(x) =7 + n(z). (5.18)

We can assume the & real, because the £ are defined up to a global phase which can be
eliminated by a redefinition of the &y

Let us expand the effective action Seg (€ + ¢*, & + 0,7 + 1) to second order in powers
of ¢, ¢*, and 1. The linear term vanishes due to the gap equation and the terms involving
pp and p*p* vanish on the saddle point. Ignoring the constant term Seg(é*,é, 7), the
quadratic part of the effective action reads

St = z n(a) D (2,2/) n(a)

+ 3 ek(@) DED (x,2)) oror (2)
K, 2’ K’

+ Y 0(@) DY (2,2) ox (2
z,x' K

+ 3 @ic(x) D (x,2') n(a’) (5.19)
z,x' K

where the D’s are given by traces involving the matrices @y, ®xx, and N (see appendix
for details). Recall that the entries of these matrices are the fermion spatial coordinates
and Dirac-taste indices, and the label K of the composite bosons includes Lorentz, taste
and spatial (radial and angular momentum) quantum numbers. We expand the structure
matrices Pxx in a basis of matrices Z(x,n) which act only on the spatial coordinates of
the fermions and I'y which act only on the Dirac-taste indices

Dy = 3 Cxkany Z(x1,10) T (5.20)

x1ny
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We accordingly expand the boson fields

‘~Pnn/(ta X) = Z Cx1 K, xny @K(ta Xl) . (521)
x1 K

We consider two options for the matrices Z(x, n)

(1]
|

[ (X7 n) ]xl,x2 - 5x1,x+%n 5x2,x—%n ) (522)
[E(X’ n)] = 5X1,X 5XQ,n- (523)

X1,X2

In the first case x has the physical meaning of the centre of mass coordinate of the compos-
ites and n of the relative distance of the fermions. Then the matrix = must be separated into
two contributions: one for x = 2r,,n = 4r,,, the other one for x = 2(r, + 1), n = 4r,, + 2,
writing x = 2r, where the r are vectors with integer components. This accounts for the
fact that the coordinate of the center of mass can fall in the full lattice, while the positions
of the fermions and their relative distance are coordinates of blocks. In the second case x
and x are the coordinates of the fermions.
For the matrices I' we require

Tr(TIT) = 6, (5.24)
Note that the I',’s verify the identity
P, P =1, (5.25)

If we are interested in the dynamics of the (-fields we must determine the structure matrices
and therefore the coefficients ¢. But in this paper we have the limited goal of reproducing
the spectrum of the bosonic composite 7. For this purpose we integrate out the -fields
and we do not need to determine the coefficients c.

Integration of the y-fields generates an effective action for 1 of the form

Sealn] = > n(@) [D(nn) + Kn9) <K(<p*<,0))_1 <K(nw)>f] (2, 2) (). (5.26)

z,x’

The explicit expression of the kernels appearing in this expression can be found in ap-
pendix [, but we remark that they don’t depend from the structure functions of the
o-fields. Close to the continuum limit (¢ — 0), its behaviour is given by

w/2 dw /2 d3p 1
/ //2 5 1(=w, =p)n(w, p)

7T/2 27T

X | Z,(@%) w? + Zy( ZpZ—FW (5.27)

As @ — 0, the integrals defining Z,,(52), Z,(%), and W (3?) as discussed in appendix D,
are dominated by the logarithmic infrared divergence, and we get
W(@*) _

4 (2m)?

Z,@%) ~ 7,7 ~ Ing? + O(1). (5.28)



The logarithmic divergences are the same which appear in the exact solution of the model
at large Ny, leading to logarithmic corrections to scaling and thus to the triviality of the
continuum limit. In conclusion, the mass of the scalar is

m, = 27, (5.29)

which is the exact relation with the chiral condensate obtained from the gap equation.
Notice also that Euclidean invariance is recovered in the continuum limit:

— 1. (5.30)

Summarizing, in this section we have shown that the hypothesis of boson dominance
and the associated formalism, applied to the 4-fermion interaction model reproduces the
exact solution in the boson sector, namely, the correct gap equation, mass gap, and loga-
rithmic corrections to scaling.

We know that the spectrum of the model contains also one fermion of mass my, = 0.
This property is reproduced by an extension of the present formalism [L].

6. Summary and outlook

In this paper we applied a general method of bosonization to relativistic field theories
whose low energy excitations are dominated by bosonic modes. This is always the case in
the presence of spontaneous breaking of continuous symmetries. One of our goals is indeed
the study of low energy hadron dynamics in QCD.

Under the condition of boson dominance the fermion partition function can be re-
stricted to boson composites. To realize this restriction we use the formalism of the trans-
fer matrix, which is close to the Hamiltonian formalism of nonrelativistic theories, and
therefore very natural dealing with real or virtual bound states. The projection onto the
subspace of composites in the partition function is realized introducing coherent states
of composites. The projection operator is not exact, but its approximation is the more
accurate the higher the index of nilpotency of the composites (the number of fermionic
states which define their structure functions). Indeed it leads to exact results in the model
with quartic interaction in the Ny — oo limit, in which case the index of nilpotency also
tends to infinity. Evaluation of traces in the fermion Fock space can be performed without
any further approximation for theories which are quadratic in the fermion fields or can be
put in such form, a condition satisfied by all renormalizable models in 3+1 dimensions. It
generates a functional form of the partition function with an effective action of the com-
posites. In this derivation time and space are not treated in the same way, and Euclidean
invariance must be checked a posteriori, but all other symmetries are respected including
of course gauge invariance.

We checked our theory on the 4-fermion interaction model in 3+1 dimensions. Not
only did we reproduce all the known results in the boson sector, but we have also been
able to determine the structure functions of the condensed composite. It turns out that
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the polar factor of the structure function is identical to that of the Cooper pairs of the
BCS model of superconductivity.

The study of the 4-fermion interaction model in our formalism is not complete, because
we did not investigate if, in addition to the sigma, there are other bosonic modes. Indeed
what we actually did was to prove that projecting onto the composites subspace and then
integrating over the fermionic fields gives the same results as a direct integration (without
projection) of these fields as far as spontaneous breaking of chiral invariance and mass of
the composite are concerned. We must also observe that while the gap equation does not
depend on the number of space-time dimensions, our evaluation of the mass of the sigma
is restricted to 3+1 dimensions because we used completeness relations valid in this space.

The effective action we derived can be used in the study of QCD by numerical simu-
lations and, we hope, by a perturbative expansion along the lines of [[[]] and by keeping
into account the subtleties related to the 1/Ny expansion [R(). In this case the effective
bosons carry obviously the quantum numbers of the chiral mesons and chiral symmetry
is broken by the condensation of the sigma-meson. The introduction since the beginning
of the expectation value of the sigma-field as a variational parameter, should help in a
numerical simulation, as advocated in ref. [§]. But we must remember that the form fac-
tors of the composites depend in general on the fields of the elementary bosons coupled
to the fermions, as we have explicitly seen in the model with 4-fermion interaction. For
an actual numerical simulation in QCD therefore, we need a trial expression of the meson
form factors, which should depend on the gauge fields, as also required by gauge-invariance
of the effective action. Apart from the interest which it has per se, a perturbative approach
might prove useful also to provide trial expressions of the form factors.

We conclude by observing that the present formulation can be immediately used also
for studies of systems at finite temperature, while for finite fermion density we must first
include states with nonvanishing fermion number.
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A. Some notations and conventions

We have used the following identities valid for Berezin integrals

/[da*da] eV =1 (A1)
/[da*da] e~ A% = det A (A.2)
/[da*da] e~ Aot Tata ] _ qop 4" AT (A.3)
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If |) is a fermionic coherent state
o) = ¢~"'[0)

then

(ala) = e *(0]0) = e

and

* 1 _
/[da do] isla o] = 1.

Remark that

o) = arla)
which implies the relations

(aBle™|70) = M {apls) = e?NTaTTE

(73[e™ 7 0) = (0]e* PP ya)T = 1"

With the help of these formulae we will compute

oNa at Blot o _ dy*dydd*dé oNa at Bot
(afereei 810 o) — [ | D] fapleo¥opya) e 21 o

= /[d’)’*d’yd(s*d(ﬂe'Y*"/5*5+5N*y+a*fy+ﬁ*5+,y*BT5*

N /[dé*dfs] o0 (1+B*NT)6+6% 65" B*a*

B*a*

_pgx—1
= dety(14+ B*NT)e P mmeT

B. The operator P

(A.10)
(A.11)

(A.12)

(A.13)

The restriction of the partition function to the subspace of composite bosons can be written

Zo =Tl H PTii1
t

(B.1)

where P is the projection operator on this subspace. For the sake of simplicity we consider

the case of a unique composite. In such a case
e .
=3 —1(9) 10y 0lé"
P=3 5 () 10

where
A A n
vy = (0|07 (cpf) 10) .

We must show that

(0]™ P(£7)"(0) = (0]&™|(T)"|0) = Smm,nim -
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These equations are generated by the following ones

(€'IPIE") ~ (£Ig") (B.5)

whose right and left hand sides are

EIPIE) = [ 5 el 667.)
(€)€") = exptrs In(1 + €€ BD1) (B.6)
where
E(e 6,6, €") = try [m(l 0D — In(1 + €7 €ddT) — In(1 + "t . (B.7)
We evaluate the integral by the saddle point method. The saddle point equations are

" q)q)T —
€=t G sepona + oo
Pt

with solutions

é— — 5” 5* — é—/* . (B9)
At the saddle point
E(€",6,6%,6") = —try In(1 4 £"¢"0T). (B.10)
Moreover
02E 02E
9E0E — DEOE (B-11)
0%E Opf
A (N Ty (B42)
In conclusion
! ! Al (P(PT !
(E1PIE) = (€16") |tns i grergay (B.13

In presence of a number of composites n < §2 the desired result, together with the idem-
potency property of projector
P ~ P? (B.14)

follow if we assume

tr (@%)" ~ QL (B.15)

But in states with n ~ €, it is not possible to satisfy (B.J) even with an absolute
freedom about the form of the structure functions (which are instead determined by the
dynamics). The best we can do is to satisfy (B.5) (apart from an irrelevant constant factor)
for states with n + k composites, for fixed n ~ Q and |k| < Q.
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To clarify this point let us go back to the case of many composites and consider their

commutation relations
[%, @}3} = tr(®, @) — 'l @0 — ol 050 5. (B.16)

In states with a number of composites n < €2, these relations are approximately canonical
provided the structure functions are sufficiently smooth. Indeed in such a case the last 2
terms are of order n /<.

C. The transfer matrix for Kogut-Susskind fermions

Kogut-Susskind fermions in the flavour basis are defined on hypercubes of twice the or-
dinary lattice spacing. We shall have a fermionic field ¢ *(¢,x) (and of course the cor-
responding 1), where i = {1,... , Ny} is the flavour index, a = {1,...,4} is the spinorial
index, a = {1,...,4} is the taste index, while (¢,x) is a 4-vector of even integer components
ranging in the intervals [0, L; — 1] for the time component while [0, Ly — 1] for each spatial
components.

In order to simplify the notations let restrict here to periodic functions defined on one
dimensional interval = € [0, L — 1], the extension to many dimensions and anti-periodic
functions being obvious.

The sum over even sites z includes for convenience a factor 2
d =2y (C.1)
X X

Momenta are quantized according to

p=—n n=01=—-1 (C.2)

2 L
L 2

The Fourier series and its inverse for the function f(x) defined on even sites are

fo) = 3 e (©3)
x=0
Rt on 2n
f(z) = % Z f(% n) e "L, (C.4)
n=0

Notice that we use a double tilde to distinguish this transform from the standard one for a
function defined on all the sites which will be denoted by a single tilde. As f is a function

of an even argument we could set

g(s) = f(2s) (C.5)

,20,



where s is an integer in the interval [0, L/2 — 1], then their Fourier transforms are simply

related as
~ L/2—1
flp) =2 Z f(2s) P (C.6)
L/2—1
=2 Z g(s)e'P (C.7)
=0
= 23(2p) (C.8)

In the infinite volume limit we get the Fourier transform

f(p) Z flz) et (C.9)

7'('/2 dp ~ i
f@ = [ i, (10
,ﬂ-/2 Y
As a consequence, for instance, the d-function must be written
/2 )
5z —y) =2 / W ivta—y) (C.11)
—7r/2 27‘(’

and the Fourier transform of a matrix of the form
A=F(-A) (C.12)

for an arbitrary function F' is

=

1
(p) =2F (5(1 — o8 2p)> (C.13)
and its trace

L w/2 dp w/2 dp
A== F 1-— 2p) —F(=-(1- 2 14
w05 [ (G0 e w) =2 [ g (G ) e

We report here the expression of the transfer matrix in the flavour basis [[], because
the expression in the spin-diagonal basis is not known to us in a convenient form. The
matrix N, which is Hermitean, in presence of a gauge field denoted by U, is given by

N(oU) = =2y (m+0o)(n®1)+

N

(o @ 1) [PV + POV b (cas)

where

v = £ (Uj(ﬂ)(t) T 1) (C.16)

are right-left covariant derivatives. The U(t)’s are operators whose matrix elements are
the Wilson link variables U, (t,x1)

(ﬁu(t))x17x2 = Gy o Un(t,x1). (C.17)
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The matrix M depends on the link Uy variable. In the gauge Uy ~ 1, in which Uy = 1 with
the exception of one time slice, M = 0. If we adopt this gauge, we must impose the Gauss

constraint on the states. But it is very simple to write the expression of M without gauge

fixing following ref. [R]. This is actually necessary in a numerical simulation.
In the absence of gauge fields and with constant o = &, according to (B.21))

H?=(m+7)*-A.

with

A~ i;(; (sz 4T - 2)

The eigenvalues of H? are therefore the fermion energies

E2=(m+79)°+¢,

where the momentum ¢ is
3
-2 -2
qa = Z i
i=1

with

1
G; = 5 (1 — cos2q;).

D. Quadratic fluctuations

(C.18)

(C.19)

(C.20)

(C.21)

(C.22)

Let us give some details about the expansion of the effective action around the constant

fields (B, ET,E) which minimize it. We shall set

B, = B+ 6B,
o(t,x) =7 +n(t,x)

where

B=¢.9
0By = (¢" - O = > i (t,x)" Px
xK

and shall concentrate on quadratic fluctuations.

In the parametrization of the form-factors ®xx we choose the form in (p.23) for the

matrix Z(x,x’).

It is also convenient to introduce the matrix 7; by

= 2 Zn(tv X) E(X7 X) (70 ® ]1) :
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D.1 Expansion of the action

According to our definitions the expansion for the effective action reads:
Seff(SD*, @, 77) = geﬂr + Z trJr { R (E(SBJ + 5BtET)
t

— Ry(BNOBf,, + 0B, B\ + BNy + 7 Bl)
+ROB,6B] — Ry (6By 6B,y + Ml o + M 0By + 6B, )

—%[R(F(SBT + 6B, B2

+ 3y (B 0B, + 08, B + Builyy + 0B L. (D)
where
By - N+B (D.7)
R= (1 +ﬁ*>71 (D.8)
Ry = (1 +EN§§V)71 . (D.9)

Ignoring the constant term, the expansion can be cast in the form

1
Seff = Z 5 n(t,x) n(t’,x’)D(”") (t,x;t', %)

tx,t'x/

+ > ktx) ere (', X) DS (8, x: ', x)
tx K t'x' K’

+ 3 (%) ex (. x) DY (txt',x)

+ Y ntx) et x) D)t xst' X)), (D.10)
tx,t'x' K

since the linear terms vanish due to all stationarity equations —we are expanding around

a minimum-— and the terms involving ¢k @k’ and @y ¢} vanish due to the stationarity
equations for the fields B and Bf.

The D’s entering the above equations are:

DU (¢ x;t' %) = 4try Ry { =20y 112 E(%,%) (70 @ DE(x',x") (70 ® 1)
31 4+2 (%, %) (0 © 1) By RyBNE(X, x) (70 © 1)
+3102 BNE(x,%) (30 ® 1) RvE(a', ') (0 © 1) By
+04 [BNE(X,%) (70 @ 1) Ry BNE(X, X ) (0 @ 1)
+2(x,x)(0 @ 1) BNRVEX, X) (0 @ 1) By} (D.11)
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DES (tx:t,xX) = try |6 R (1 - B'RB) ol

—0p t+2 BN Pxi (1 - FTRNE) @L,K/] (D.12)

D) (¢ x;t', K) = 2try Ry { —0p 142 2(x, %) (70 @ 1) @LK
+ 04 EN@LKRNENE(X, X)(’yo & ]1)
+ 0y 45 BN DL E(x,%) (0 @ 1) By | (D.13)

D(W*)(t,x; t' K) = 2try Ry { =042 Py E(X, %) (70 @ 1)
0 Py BNERNE(x,x) (70 @ 1) BY
+ 40 P BN RNBNE(X, %) (70 ® 1) } . (D.14)

D.2 Evaluation of the traces

We need to make explicit the meaning of the indices K’s : K = (n,7), so that
YK — ¥ny- (D.15)

and therefore o) o)
P P
DKK’ - Dn'y,n"y/

p{m? ., pld) (D.16)
Dg?‘p*) — Dﬁﬁf*).

Now we can readily compute the traces entering equations (D.11)—(D.14). In order to
present the results, it is convenient to introduce additional definitions.

On the solution of the gap equation, the matrices R and Ry can be written as

A+1

— D.1
R 24 +1 ( 7)
A
p— D.l
By =511 (D.18)
where .
vV1+H?2—-H
A= +2—H . (D.19)

Obviously, R + Ry = I. Notice that the following relations are verified:

A? = (4H)™> — A, (D.20)
(1+A)2=4H)2 +1+ A. (D.21)

We also introduce the following notation:

© = Ry (I +A), (D.22)
S¥=—em? -1, s=+—, (D.23)

(2
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and

=t [(pe)T, ],
=t (e 1) PO ],

], =t [(® 1) P (33 © 1) P T, |
where tr’_ is the trace on the Dirac-taste space. Introducing the Fourier transforms
n(t,x) = e P X p(w, p),
d3
gDn»Y t X q iwt 1p-X zqnqufy( ’p)

we get the following effective action:

dw dp 1
eff = / / p D(nn 7p) 77(_(4)7 _p) W(va)

(2m)3
% 2?5))3 / qui (@, P) ¢y (@, P) Py (w,P)
+ ;l—j: ij)’g (@, P) qy (@, P) n(—w, —p)
+ ;l_“’ ‘211‘))3 ~w,P) Py (W, P)N(w, P)

where

(2 —cos2w)RN(q)RN(P — Q)

/_/H

- L%(@%’m @)+ 57 (@S (p - q)]

+45°0(q)O(p + q) } :

DY %) (w,p) = 6,y [R(p) R(a) — ¢ Ry (p) By (@)] ,

DY) (w,p) = 2 {t” [45°© (p) ©(q) — ¢ Ry (p) Ry (q)]

+Z Z ss't] S0 (q) 8P )(p)}.

ij s,8'=
D.3 Effective action for the 7n-field

The integrations over ¢qy and g, give the following effective action for 7:

s, :/ / d3p 1 w0, —p) n(w, D) [D(nn)(w7p) + A(n”)(w,p)} ’
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(D.25)
(D.26)

(D.27)

(D.28)

(D.29)

(D.30)

(D.31)

(D.32)

(D.33)



where

3 () * (1)
A () p) = / d q3 Dy (—w,p — q2)D (w,p—q) . (D.34)
(27)* R(q) R(p—q) — ¢* Ry (q) Rn (P —q)
The sum over v appearing in the above equations can be performed using the following
identities
it =wl [1e1] = 8, (D.35)
Zﬂ*ﬁs =t [(nen) P = o, (D.36)
Z“* fogs = il [(% 2 1) P (y; ®11)P(5)]
= 46505 g » (D.37)
th;‘t}s =t [(pen) P (ren) P |
= 405 05 (D.38)
th Yoo =t [ o) P (e 1) P (i 1) P |

=0, (D.39)

v * v _

1181,J18] 1252,5255

gl

=0’ | (e @ ) PSY (@ 1) P PV (1, 0 ) PYY (i 0 1) | (D.A0)

=2 <5i1j15i2j25 731552 —sy T 621126J1]2631325 185 6i1j26i2j16313/265/152) ’

which follow from the completeness relations satisfied by the matrices I',’s which form a
basis in the relevant subspace of matrices acting on Dirac and taste indices.
With the above equalities it is easy to get the explicit form of AU (w, p):

m) (v p) = — @’ ;
A (w, p) 64/(%)3 R(q) R(p—q) — ¢ Ry (q) Ry (p—q)

(D.41)

x{ (4570 (q) ©(p—q) — ¢* Ry (q) RN(ID—GIH2

— [45°0(q) ©(p—q) — ¢** Ry (q) Ry (p—q) ]
3 (59 (@ 8™ p-a)+ 57 (@57 (p-a)]

+ZSJ (@S @Y sV p-a) S (p-a)

i

+ 4622 ‘@(p—q) S™ (@) + ©(a) Si()(P—CI)‘Z}
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Now we know D (w,p) and A" (w,p) in terms of integrals of known functions of
momenta and ©.

D.4 Low energy expansion

Let us consider the expansion of D (w,p) and A (w,p) in powers of w and p up to
second order:

DU (w,p) + AP (w,p) ~ Z,(7)w? + Z,(72)p? + W(a) 7. (D.42)

The gap equation implies that the above expression at w = 0 and p = 0 vanishes close to
the critical point, that is as @ — 0. It is straightforward to get the term at w = p =0

3 1+2E?
WE2) 7 = 16 / ik . (D.43)
@™ (B2 + EY)

that is
WE)~— | = ~——mhz". (D.44)

At w = 0, by keeping the most singular contribution when & — 0, we get the contribution

proportional to p?

2 [td 1
Z,(@%) ~ — Yo w72 (D.45)

Similarly, expanding in w ,at p = 0, since the linear term is not diverging, the dominant
contribution is proportional to w? and

_ 2 (Ydg _
Z.,(3%) ~ F/o E, ~ - Ina?. (D.46)
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